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Separated spin evolution quantum hydrodynamics of degenerated electrons with
spin-orbit interaction and extraordinary wave spectrum
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To consider a contribution of the spin-orbit interaction in the extraordinary wave spectrum we
derive a generalization of the separate spin evolution quantum hydrodynamics. Applying corre-
sponding nonlinear Pauli equation we include Fermi spin current contribution in the spin evolution.
We find that the spectrum of extraordinary waves consists of three branches: two of them are well-
known extraordinary waves and the third one is the spin-electron acoustic wave (SEAW). Earlier
SEAWs have been considered in the electrostatic limit. Here we include the electromagnetic effects
in their spectrum at the propagation perpendicular to the external magnetic field. We find that the
SEAW spectrum considerably changes at the account of transverse part of electric field. We obtain
that the separate spin evolution modifies spectrum of the well-known extraordinary waves either.
A change of the extraordinary wave spectrum due to the spin-orbit interaction is obtained as well.
PACS numbers: 52.25.Xz, 52.30.Ex, 52.35.Hr, 52.27.Ny
Keywords: separate spin evolution, spin-electron acoustic wave, quantum plasmas, extraordinary waves,
nonlinear Pauli equation
I. INTRODUCTION
The separate-spin evolution quantum hydrodynamics
(SSE-QHDs) has demonstrated existence of the spin-
electron acoustic waves (SEAWs) [1], [2], [3] and allowed
to derive an equation of state for the thermal part of
the spin current in the regime of degenerate electrons [4],
where the distribution of electrons on the quantum states
are caused by the Pauli blocking.
The SSE-QHDs was generalized to consider the spin
current evolution [5]. Equation of state for the spin cur-
rent flux [5], [6] was also derived via SSE-QHD [4]. The
Coulomb exchange interaction is included in SSE-QHD
in Ref. [7].
In this paper, we continue the development and gener-
alization of SSE-QHDs and include the spin-orbit inter-
action (described in sections 33 and 83 in Ref. [8]).
After construction of many-particle quantum hydrody-
namics for the charged spin-1/2 particles with the spin-
spin interaction accomplished in 2001 by Kuz’menkov
and coauthors [9], an interest to other semi-relativistic
effects arises in literature. First of all, it was consisted
analysis of the spin-current interaction performed in 2007
[10] which contributes in the Lorentz force. However,
more interesting results came from the account of the
spin-orbit interaction considered in Ref. [11] in 2009 and
Ref. [12] in 2011. Applications of the hydrodynamic
model derived in [12] were presented in Refs. [13], [14].
The spin-orbit interaction was also considered in Ref.
[15], along with the Darwin term. However, the Dar-
win term was considered in reduced form correspond-
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ing to the single particle motion only, but for system of
identical particles it has different contribution (see dis-
cussion in Ref. [16]). Complete result for the Darwin
term or the Darwin interaction contribution is presented
in Ref. [16]. The Darwin interaction shows similarity to
another interaction in the quantum semi-relativistic plas-
mas. This interaction arises at the simultaneous account
of the Coulomb interaction and the semi–relativistic part
of kinetic energy [16], [17]. They give equal contribution
in the linear approximation [16]. Spin-1/2 plasmas inter-
acting with neutrino and appearance of an electromag-
netic instability in this regime is also under consideration
[18].
The semi-relativistic part of the quantum Bohm poten-
tial is derived in Refs. [16], [17] along with the current-
current interaction giving contribution in the Lorentz
force, classic semi-relativistic forces, and obtained for
the first time quantum semi-relativistic forces [17]. Some
works (see for instance Refs. [15], [19]) are dedicated to
the kinetic model of semi-relativistic effects in plasmas.
The ”fluidization” of Dirac equation, via the construction
of observables from bilinear covariants, was first done by
Takabayasi [20] and nicely reviewed in [21]. A quantum
relativistic Vlasov equation was derived from the single
particle Klein-Fock-Gordon [23] equation and the single
particle Dirac [22] equation. It was applied to the calcu-
lation of the spectrum of collective excitations (the Lang-
muir and electromagnetic waves) in quantum-relativistic
unmagnetized plasmas. Some relativistic effects in quan-
tum plasmas were reviewed in Ref. [24].
The set of QHD equations can be presented as the non-
linear Schrodinger equation (NLSE) [25]. It can be done
for the spinless particles [25] and spinning particles [9]. In
the last case we have the non-linear Pauli equation [9].
NLSEs for the three–dimensional and two–dimensional
degenerate electron gases with the Coulomb exchange in-
2teractions are derived in Ref. [26]. The non-linear Pauli
equation for the electron gas with the spin-orbit inter-
action was presented in [13]. The set of two non-linear
Pauli equations for the spin-1/2 electron-positron plas-
mas with the annihilation interaction was derived in [27].
NLSEs, or more exactly, non-linear Klein-Fock-Gordon
and non-linear Feynman–GellMaan equations was pre-
sented in Ref. [28]. A discussion of non-linear Pauli
equation can also be found in Ref. [28].
SEAWs are the longitudinal waves in spin-1/2 plasmas
along with the Langmuir and Trivelpiece–Gould waves.
The SEAWs can be described if we consider the spin-up
and spin-down electrons as two different fluids. More-
over, it is necessary to have different equilibrium concen-
trations of the spin-up and spin-down electrons. Hence,
the contributions of their pressures are also different. All
of these differences are caused by the partial spin po-
larization of electrons. The SEAW was predicted at the
wave propagation parallel and perpendicular to the exter-
nal magnetic field [1]. In this regime, it has one branch
of the dispersion dependence. However, there are two
branches of the bulk SEAWs at the oblique propagation
[2]. Influence of the spin polarization on traditional elec-
trostatic waves is considered in Ref. [29].
The lower branch of SEAWs has zero frequency at
k = 0. It becomes the single branch at the propagation
parallel to the external magnetic field θ = 0. The up-
per branch is located above the Trivelpiece–Gould wave
spectrum. Its frequency tends to Ωe at k → 0, where
Ωe = eB0/mc is the cyclotron frequency of electrons.
It becomes the single branch of the SEAWs at the per-
pendicular propagation θ = pi/2 [2]. A small Landau
damping of SEAWs propagating parallel to the external
magnetic field is demonstrated in Ref. [30], where the
SSE quantum kinetics is derived. Properties of the bulk
SEAWs in the electron-positron plasmas are similar to
the SEAWs in electron-ion plasmas, but the frequencies
are modified due to equality of masses of electrons and
positrons [3]. The SEAWs in the electron-positron-ion
plasmas, where the number of electrons and positrons
are different, are also described in the regime of bulk
waves. At the parallel propagation, system shows the ex-
istence of three longitudinal waves with linear spectrum:
the SEAW, the positron-acoustic wave, and the spin-
electron-positron acoustic wave. At the oblique propa-
gation each of these waves has a sibling with a dispersion
curve located above the Trivelpiece–Gould wave spec-
trum [3]. In this paper we shift our attention on role
of the SSE in the longitudinally-transverse waves such
as extraordinary waves since waves with transverse field
are important for different applications (see for instance
[32]).
Collective behavior of quantum-relativistic plasmas in-
teracting with an intense circularly polarized electromag-
netic wave is considered in Ref. [33]. It is pointed out
that the spin up-down degeneracy is removed by the elec-
tromagnetic field. A modified dispersion relation for or-
dinary electromagnetic wave is found (see formula 75 of
Ref. [33]). Effects of the spin separation modify the con-
tribution of medium in the dispersion relation. Instead
of the traditional plasma frequency square they found a
general term containing the SSE effects.
The nonlinear evolution of the bulk SEAWs propagat-
ing parallel to the external field leads to the soliton for-
mation [7]. This soliton is described at the application
of a generalized SSE-QHD containing the Coulomb ex-
change interaction [7]. Surface SEAWs are described for
the half-spaced plasma-like mediums [31]. In this regime,
it arises as a longitudinal wave with a linear spectrum. At
the relatively small spin polarizations, the surface SEAW
can linearly interact with the plasmon branch. This in-
teraction leads to the generation of SEAWs. The SEAWs
in two dimensional structures are described in Ref. [34].
They appears to be similar to the spin-plasmasons de-
scribed in Refs. [35], [36], [38].
The high-temperature superconductivity is a challeng-
ing problem of the present day physics. However, the
SEAWs give a contribution in this problem solution. In-
troducing the quanta of the SEAWs called spelnons, au-
thors of [39] consider the electron-spelnon interaction. It
is demonstrated that this interaction leads to the Cooper
pair formation. Formation of the Cooper pairs leads to
the phase transition to the superconductive state. The
transition temperature appears in the range T ∈ (0, 300)
K depending on the concentration of electrons and their
spin polarization.
The existence of the quantum part of the spin current
or, in other words, the quantum Bohm potential contri-
bution in the spin evolution equation is demonstrated by
Takabayasi in Ref. [40]. Contribution of this effect in
the wave properties of quantum plasmas is considered in
Ref. [41], where it is applied for the spin-plasma waves.
Hydrodynamic description of spin-up and spin-down
electrons was addressed in 2004 in Ref. [42]. However,
the difference of pressures for the spin-up and spin-down
electrons was not considered there. Effects caused by
noncoservation of electron number in each subspecies due
to the spin-spin interaction was not included as well.
Similar model was suggested in Ref. [43] and it repeats
same limitations. Complete model was later presented
in Ref. [1]. Limitations of earlier work [43] was also
discussed in comment [44].
This paper is organized as follows. In Sec. II the ba-
sic model is described. It contain the non-linear Pauli
equation with the spinor Fermi pressure contribution and
the spin-orbit interaction. In Sec. III the general form
of SSE-QHD equations with the spin-orbit interaction is
derived from the NLPE. In Sec. IV we present the closed
set of SSE-QHD equations arising after introduction of
the velocity field. In Sec. V we study the contribution of
the SSE and the spin-orbit interaction in the spectrum
of extraordinary waves propagating perpendicular to the
external field. In Sec. VI a brief summary of obtained
results is presented.
3II. MODEL: NLPE WITH SPIN-ORBIT
INTERACTION
The spin-1/2 QHD of plasmas can be directly derived
from the many-particle Pauli equation [9], [45]. This
method allows to include the spin-orbit interaction [12],
[13] and other relativistic effects [10], [16], [17], [27].
Next, the QHD equations can be represented in the form
of the non-linear Schrodinger equation or the non-linear
Pauli equation [9], [13], [25], [26], [27].
We do not use this method in our paper. We use the
NLPE derived in [13] for the spin-1/2 quantum plasmas
with the spin-orbit interaction. Following Ref. [4] we
generalize it to include the spinor pressure. We apply
the generalized NLPE to derive the SSE-QHD with the
spin-orbit interaction and the Fermi spin current.
The NLPE equation arises as follows
ıh¯∂tΦ(r, t) =
(
1
2m
D̂
2
+ qϕ
+ pi − γσ̂B−
γ
mc
(σ̂ · (E× Dˆ))
)
Φ(r, t), (1)
where D = p − qA/c and γ is the magnetic moment of
particles.
In this equation, the wave function is the spinor func-
tion and we present its explicit form (see section 56 in
Ref. [46]): Φ =
(
Φu
Φd
)
. Each of functions Φu and Φd
can be presented as Φs = ase
ıφs . The three last terms in
the NLPE (1) contain the Pauli matrixes σ̂α. The third
term on the right-hand side describes the spinor pressure
contribution pi =
(
piu 0
0 pid
)
, which is a diagonal second
rank spinor. It can be represented in term of the Pauli
matrixes pi = piu(ˆI + σ̂z)/2 + pid (ˆI− σ̂z)/2, where Iˆ is the
unit second rank spinor Iˆ =
(
1 0
0 1
)
. Explicit form of
pis is determined by the equation of state. In this paper,
we consider the degenerate electrons. Hence, pis is deter-
mined by the Fermi pressure pis = (6pi
2ns)
2
3 h¯2/2m. Here,
we consider one particle in a quantum state, instead of
two particles with different spin directions in each state
(see section 57 in Ref. [47]).
We are going to derive the SSE-QHD from the NLPE
(1). To this end, it is useful to present the explicit form
of the NLPE via the wave functions of spin-up and spin-
down electrons:
ıh¯∂tΦu =
(
( h¯ı∇−
qe
c A)
2
2m
+ qeϕ− γeBz + piu
−
γe
mc
(ExDy − EyDx)
)
Φu − γe(Bx − ıBy)Φd
−
γe
mc
(
(EyDz − EzDy)− ı(EzDx − ExDz)
)
Φd, (2)
and
ıh¯∂tΦd =
(
( h¯ı∇−
qe
c A)
2
2m
+ qeϕ+ γeBz + pid
+
γe
mc
(ExDy − EyDx)
)
Φd − γe(Bx + ıBy)Φu
−
γe
mc
(
(EyDz − EzDy) + ı(EzDx − ExDz)
)
Φu. (3)
These equations describe the evolution of the spin-up
electrons and the spin-down electrons independently. We
can represent this evolution in terms of observables. This
representation leads to the hydrodynamic equations.
III. HYDRODYNAMIC EQUATIONS:
GENERAL FORM
A. Continuity equations
To make the first step in the derivation of the SSE-
QHDs we define the concentrations of spin-up and spin-
down electrons nu = Φ
∗
uΦu and nd = Φ
∗
dΦd and differ-
entiate them with respect to time. Applying equations
(2) and (3) for the time derivatives of the partial wave
functions Φu and Φd, we derive the continuity equations
∂tnu +∇ju =
γe
h¯
εzβγSβBγ
−
2γ
h¯c
εzµνεµαβEα[Φ∗dr
ν
uD
βΦu + c.c.]/2m, (4)
and
∂tnd +∇jd = −
γe
h¯
εzβγSβBγ
+
2γ
h¯c
εzµνεµαβEα[Φ∗ur
ν
dD
βΦd + c.c.]/2m, (5)
where ru = {1, ı, 1}, rd = {1,−ı,−1} qe = −e for elec-
trons, and c.c. means complex conjugation.
The spin densities presented in the continuity equa-
tions have the following definitions: Sx = Φ
∗σ̂xΦ =
Φ∗dΦu +Φ
∗
uΦd = 2auad cos∆φ, Sy = Φ
∗σ̂yΦ = ı(Φ
∗
dΦu −
Φ∗uΦd) = −2auad sin∆φ, where ∆φ = φu − φd.
Sum of [Φ∗dr
α
uD
βΦu + c.c.]/2m and [Φ
∗
ur
α
dD
βΦd +
c.c.]/2m gives the nonrelativistic part of the spin cur-
rent tensor Jαβn.r. = (Φ
+σαDβΦ + h.c.)/2m, where h.c.
means Hermitian conjugation.
During the derivation of continuity equations (4) and
(5), we find the explicit forms of the particle currents:
jαs =
1
2m (Φ
∗
sD
αΦs+c.c.)+(−1)
isγeε
zαβnsEβ/mc, where
s = u or d and is is a number different for spin-up and
spin-down electrons: iu = 2, id = 1. Below, we use
4the non-relativistic part of the particles current jα0s =
1
2m (Φ
∗
sD
αΦs + c.c.) along with j
α
s . We introduce the
velocity fields vs via the particle currents js ≡ nsvs,
with the following explicit form of the velocities vs =
h¯
m∇φs−
qe
mcA+(−1)
isγeε
zαβEβ/mc, where we apply the
phase of wave function Φs = ase
ıφs .
Below, we show that at the introduction of the veloc-
ity fields, the right-hand side of the continuity equations
arise in terms of hydrodynamic variables.
Summing up the partial concentrations ns, we obtain
the full concentration of electrons ne = nu + nd, which
should satisfy the continuity equation with the zero right-
hand side. However, directly summing continuity equa-
tions (4) and (5), we find a nonzero right-hand side of
the continuity equation for ne:
∂tne +∇(ju + jd) =
2γ
h¯c
Eαεzµνεµαβ×
×[(Φ∗dr
ν
uD
βΦu+c.c.)/2m−(Φ
∗
ur
ν
dD
βΦd+c.c.)/2m], (6)
where the right-hand side is caused by the spin-orbit in-
teraction. Considering the right-hand side of equation
(6), we find that it can be presented as the divergence of
a vector −∆j. During this calculation, we have
[Φ∗dr
ν
uD
βΦu+c.c.]−[Φ
∗
ur
ν
dD
βΦd+c.c.] = ε
νzλh¯∂βSλ. (7)
Applying ∇×E = 0, we obtain that the right-hand side
arises as a divergence of a vector. This vector ∆jβ can
be constructed as a part of the particle current ∆jβ =
− 2γh¯cE
γεzµνεµγβενzλh¯Sλ which can be rewritten as
∆jβ =
γ
mc
Eγ(εβγµSµ − ε
βγzSz). (8)
Consequently, the full concentration ne satisfy the con-
tinuity equation with the zero right-hand sides:
∂tne +∇j = 0, (9)
where j = ju + jd +∆j.
Difference of the partial concentrations ns is the z-
projection of the spin density Sz = nu − nd. Applying
continuity equations (4) and (5), we find equation for Sz
∂tSz +∇(ju − jd) =
2γe
h¯
εzβγSβBγ −
2γ
h¯c
εzµνεµαβEαJνβ .
(10)
The last term in formula (10) presents the z-projection of
the spin torque caused by the spin-orbit interaction. The
full expression on the right-hand side of equation (10) is
the z-projection of the full spin torque.
B. Euler equations
Application of NLPE (1) to the time evolution of the
momentum density of the spin-up electrons jαu gives the
following Euler equations for spin-up electrons:
m∂tj
α
u + ∂βΠ
αβ
u = qenuE
α +
qe
c
εαβγjβ0uB
γ + FαSOu
+γenu∂
αBz+
γe
2
(Sx∂
αBx+Sy∂
αBy)+
mγe
h¯
εzβγJβαBγ ,
(11)
where the force field of the spin-orbit interaction FαSOu
has the following form:
FαSOu = +
γ
mc
εzαβ∂t(nuE
β)−
2γ
h¯c
εzµνεµβγEβjναγ
−
q
2mc
γ
mc
EβBδεαγδ(Sxε
xβγ + Syε
yβγ + 2nuε
zβγ)
+
1
2m
γ
mc
(∂αEβ)
[
εzβγ(Φ∗uD
γΦu + c.c.)
+εxβγ(Φ∗uD
γΦd+c.c.)+ε
yβγ(Φ∗u(−ı)D
γΦd+c.c.)
]
, (12)
where
jαβγ =
1
4m2
(Φ+DγDβσαΦ+ h.c.). (13)
is a part of the spin current flux. The full expression for
the nonrelativistic spin current flux is
Jαβγ =
1
4m2
(Φ+DγDβσαΦ + (DγΦ)+DβσαΦ + h.c.).
(14)
In formula (12), we have dropped the term proportional
to ∇×E, since it is equal to zero in the semi–relativistic
approach.
The momentum current for the spin-up electrons ap-
pears during our derivation of equation (11) in the fol-
lowing form:
Παβu =
1
4m
(Φ∗uD
αDβΦu + (D
αΦu)
∗DβΦu + c.c.)
−
γe
mc
εµγβEγ [Φ∗dr
µ
uD
αΦu + c.c.]/2m+ nu∇piu. (15)
For the spin-down electrons, the Euler equation is ob-
tained in the following form:
m∂tj
α
d + ∂βΠ
αβ
d = qendE
α +
qe
c
εαβγjβdB
γ + FαSOd
−γend∂
αBz+
γe
2
(Sx∂
αBx+Sy∂
αBy)−
mγe
h¯
εzβγJβαBγ ,
(16)
with the force field of the spin-orbit interaction FαSOd
acting on spin-down electrons due to interactions with
spin-up and spin-down electrons:
FαSOd = −
γ
mc
εzαβ∂t(ndE
β) +
2γ
h¯c
εzµνεµβγEβjναγ
−
q
2mc
γ
mc
EβBδεαγδ(Sxε
xβγ + Syε
yβγ − 2ndε
zβγ)
5+
1
2m
γ
mc
(∂αEβ)
[
εzβγ(−Φ∗dD
γΦd + c.c.)
+ εxβγ(Φ∗dD
γΦu + c.c.) + ε
yβγ(Φ∗dıD
γΦu + c.c.)
]
. (17)
The momentum current for the spin-down electrons
appears in the following form:
Παβd =
1
4m
(Φ∗dD
αDβΦd + (D
αΦd)
∗DβΦd + c.c.)
−
γe
mc
εµγβEγ [Φ∗ur
µ
dD
αΦd + c.c.]/2m+ nd∇pid. (18)
In the SSE-QHD we need to have equations for the
evolution of x and y projections of the spin density. If
we include the contribution of the SO interaction they
arise as follows:
∂tSj + ℑj + ∂βJ
jβ =
2γe
h¯
εjβγSβBγ + TSOj , (19)
where j = x, y and
Jαβ =
1
2m
(Φ+σαDβΦ + h.c.) +
γ
2mc
εαβγneEγ (20)
is the full spin current, and
TαSO = −
γ
h¯c
εαµνεµγβEγJ
νβ (21)
is the spin torque caused by the SO interaction corre-
sponding to the earlier works on the single fluid model of
electrons [11], [13].
The spin current is an important characteristic of
medium at spintronic description [49], [50], [51]. In our
model the many-particle spin current naturally arises in
the spin evolution equation. It also appears in the Eu-
ler equation in terms describing nonconservation of the
particle number at the account of spin-spin interaction.
At the account of spin-orbit interaction, the spin current
arises in the force field of spin orbit interaction and in the
spin torque caused by the spin-orbit interaction. Parts
of the spin current also exist in the continuity equation.
Modification of the distribution of electrons in momen-
tum space and its influence on the equation of state under
influence of the strong magnetic field are described in lit-
erature (see for instance Ref. [57]). In contrast with this
works we focus on different occupation of quantum states
by the spin-up and spin-down electrons.
C. Discussion of Euler equations
Let us compare the obtained here results with the Eu-
ler equation found for the single fluid model of electrons
considered in Refs. [9, 52–56], and especially Refs. [12],
[13] concerning the spin-orbit interaction. To this end,
we need to consider the sum of two Euler equations to
find the Euler equation in terms of the single fluid model.
Combining Euler equations (11) and (16), we find the
following equation
∂t(j
α
u + j
α
d ) + ∂β(Π
αβ
u +Π
αβ
d )
= qeneE
α +
qe
c
εαβγ(jβ0u + j
β
0d)B
γ + γeS
β∂αBβ + FαSO,
(22)
where
FαSO,part =
γ
mc
εzαβ∂t(SzE
β) +
γ
mc
∂αEβ · εβγδJδγ
−
q
mc
γ
mc
εαγδEβBδεβγµSµ. (23)
The third term on the right-hand side is the spin-spin
interaction presented by the fourth and fifth terms in the
Euler equations (11) and (16). The last terms in the
Euler equations (11) and (16) describing the force field
related to non-conservation of spin-up and spin-down
electrons and caused by the spin-spin interaction can-
cel each other. The Lorentz force is a semi-relativistic
effect. Therefore, we can write qec ε
αβγ(jβ0u + j
β
0d)B
γ ≈
qe
c ε
αβγ(jβu + j
β
d )B
γ ≈ qec ε
αβγjβBγ . Thus, we have full
Lorentz force field.
Let us consider the transformation of the force field of
the spin-orbit interaction. The first terms in formulae
(12) and (29) combine in the first term in formula (23),
where we use Sz = nu − nd. The second terms cancel
each other. Each of the third terms in formulae (12)
and (29) contain brackets with three terms. Combining
these brackets we have scalar product of the double spin
density vector with the Levi-Civita symbol. The result
is presented by the last term in formula (23). Next, we
combine the last terms in formulae (12) and (29). Com-
bining them we find elements of the spin current tensor
explicitly presented in the Appendix. In the result, we
find the second term in formula (23).
Equation (23) is not the complete Euler equation for
the single fluid model. Above we show that the full parti-
cle current consists of three terms (9). If we consider the
time evolution of the full particle current j = ju+ jd+∆j
we need to include the time evolution of vector ∆j. Its
explicit form is given by formula (8). Differentiating for-
mula (8) with respect to time and combining it with Eu-
ler equation (23) we obtain the time derivative of the
full particle current ∂tj
α on the left-hand side. On the
right-hand side we have change in the force field of the
spin-orbit interaction. The second term in ∂t∆j
α cancels
the first term in the force field (23). Thus, we have the
first term in ∂t∆j
α replaces the first term in (23) and
obtain final form for the spin-orbit interaction:
FαSO =
γ
mc
εαβγ∂t(E
βSγ) +
γ
mc
∂αEβ · εβγδJδγ
−
q
mc
γ
mc
εαγδEβBδεβγµSµ. (24)
6Before we present comparison of our result with the pre-
viously obtained formulae in the single fluid model, we
need to mention that the first term in formula (24) can
be represented in the following way. If we take the
time derivative we find two terms γmcε
αβγ(∂tE
β)Sγ +
γ
mcε
αβγEβ∂tS
γ . The second of them can be represented
at the application of the non-relativistic part of the spin
evolution equation ∂tS
α + ℑα + ∂βJ
αβ = 2γeh¯ ε
αβγSβBγ .
Thus, the second term splits on three terms. One of them
is related to the Fermi spin current which was found re-
cently. We do not expect to find its contribution in earlier
works. Other terms except the last term in formula (24)
can be found in Refs. [12], [13]. It can be shown that the
last term in formula (24) can be found in the single fluid
model. However, it was not reported in the mentioned
papers.
IV. HYDRODYNAMIC EQUATIONS WITH
THE VELOCITY FIELD
After the introduction of the velocity field in the de-
rived above equations of the SSE-QHDs with the spin-
orbit interaction we find a closed set of hydrodynamic
equations. The parts of the spin-currents arisen in the
terms describing the spin-orbit interaction reappear in
terms of the concentrations and velocity fields of the spin-
up and spin-down electrons.
Final forms of the continuity equations are the follow-
ing:
∂tns +∇(nsvs) = (−1)
is
γe
h¯
εαβzSαBβ
−
2γ
h¯c
εzµνεµαβEα
(
1
2
vβs S
ν − (−1)is
h¯
4m
∂βns
ns
εzνδSδ
)
.
(25)
The last term in the continuity equation is caused by the
spin-orbit interaction. At the introduction of the velocity
field, we find that the right-hand side of the continuity
equation represent itself via the hydrodynamic variables
and we are getting closer to a closed set of equations.
Final forms of the Euler equations are the following:
mns(∂t + vs∇)vs +∇ps −
h¯2
4m
ns∇
(
△ns
ns
−
(∇ns)
2
2n2s
)
= qens
(
E+
1
c
[vs,B]
)
+ FSSs + F˜SOs, (26)
with the thermal or Fermi pressure ps, the force field of
spin-spin interaction
FSSs = (−1)
isγenu∇Bz +
γe
2
(Sx∇Bx + Sy∇By)
+ (−1)is
mγe
h¯
εβγz
(
J(M)βB
γ − vsS
βBγ
)
, (27)
and the force field of spin-orbit interaction acting on spin-
up electrons
FαSOu = +
γ
mc
εzαβ∂t(nuE
β)−
2γ
h¯c
εzµνεµβγEβjναγ
−
q
2mc
γ
mc
EβBδεαγδ(Sxε
xβγ + Syε
yβγ + 2nuε
zβγ)
+
1
2
γ
mc
(∂αEβ)
[
εxβγvγdS
x + εyβγvγdS
y + εzβγvγuS
z
]
+
h¯
4m
∂γnd
nd
γ
mc
(∂αEβ)εµβγεzµδSδ, (28)
and the force field of spin-orbit interaction acting on spin-
down electrons
FαSOd = −
γ
mc
εzαβ∂t(ndE
β) +
2γ
h¯c
εzµνεµβγEβjναγ
−
q
2mc
γ
mc
EβBδεαγδ(Sxε
xβγ + Syε
yβγ − 2ndε
zβγ)
+
1
2
γ
mc
(∂αEβ)
[
εxβγvγuS
x + εyβγvγuS
y + εzβγvγdS
z
]
−
h¯
4m
∂γnu
nu
γ
mc
(∂αEβ)εµβγεzµδSδ. (29)
A presentation of tensor jναγ in terms of the velocity
fields is discussed in Appendix B.
In terms of the velocity field the spin current tensor
arises as
Jjα =
1
2
(vαu +v
α
d )Sj−
h¯
4m
εjβz
(
∂αnu
nu
−
∂αnd
nd
)
Sβ . (30)
The relativistic part of the spin current tensor is hidden
in the definition of velocity fields.
In the Euler equations (26) we have used a reduced
form of the spin current J(M)x and J(M)y which means
Jxα and Jyα correspondingly. Here, the bold symbols
means a vector related to the second index in Jαβ .
After the introduction of the velocity field, the spin
evolution equations have the following form:
∂tSj+
1
2
∇[Sj(vu+vd)]−
h¯
4m
εjβz∇
(
Sβ
(
∇nu
nu
−
∇nd
nd
))
+ ℑj =
2γe
h¯
εjβγSβBγ + TSOj , (31)
where j = x, y.
The set of SSE-QHD equations is coupled with the
quasi-static Maxwell equations ∇ ·B = 0, ∇×E = 0,
∇ · E = 4pi(eni − eneu − ened), (32)
7∇×B =
4piqe
c
(neuveu + nedved) + 4pi∇×Me, (33)
where Me = {γeSex, γeSey, γe(neu − ned)} is the magne-
tization. We consider the motionless ions. Hence, we do
not include their current in equation (33).
Since we consider the degenerate electrons we use the
Fermi pressures for spin-up and spin-down electrons as
equations of state:
ps =
(6pi2)2/3
5
h¯2
m
n5/3s . (34)
Vector ℑ in the spin evolution equations (31) is the
divergence of the thermal part of the spin current tensor
ℑα = ∂βJ
αβ
th . In accordance with the NLPE equation, as
it was demonstrated in Ref. [4], we have
ℑ = (piu − pid)γ[S, ez]/h¯. (35)
Due to its nature we can also call it the Fermi spin cur-
rent.
V. LINEARIZED SSE-QHD EQUATIONS
Analysis if the wave properties requires to consider the
linearized set of SSE-QHD equations. In the linear ap-
proximation, the SSE-QHD looks relatively simple:
∂tδns + n0s∇δvs = 0, (36)
mn0s∂tδv
α
s + ∂
αδps = qen0sδE
α ± γen0s∂
αδBz
+qen0s
1
c
B0ε
αβzδvβs ∓
qe
mc
γ
mc
n0sB0ε
αγzεβγzδEβ
∓
2γ
h¯c
εzµνεβγµjναγ0 δE
β ±
γ
mc
n0sε
αβz∂tδE
β , (37)
with the upper sign for spin-up electrons and the lower
sign for spin-down electrons, and
∂tδSj + δℑj =
2γe
h¯
(εjβzB0zδSβ − ε
jβzS0zδBβ) (38)
for the spin evolution, where we neglect the quantum
Bohm potential, S0z = n0u − n0d and δℑα = (pi0u −
pi0d)γ[δS, ez]/h¯, with pi0s = (6pi
2n0s)
2
3 h¯2/2m.
The spin-orbit interaction describes the force acting on
a magnetic moment moving in an external electric field.
It exists even for the static electric fields. Therefore, the
spin-orbit interaction affects the evolution of electrostatic
waves in the spin-1/2 plasmas, since electrons possess the
magnetic moments filling the electric field caused by the
charges of surrounding electrons.
The fourth term on the right-hand side of each Euler
equation is proportional to εzµνεβγµjναγ0 . The first index
in jναγ0 describes the spin. In the equilibrium state, all
spins are parallel to the external field. Hence, index ν
is equal to z. Consequently, we obtain εzµzεβγµjzαγ0 and
find that the first Levi-Civita symbol is equal to zero.
Thus, this term gives zero contribution in the linear wave
evolution.
The last term in Euler equations is proportional to
εαγzεβγzδEβ = δEα − δαzδEz. We find the following
results for different projections: δEx if α = x since the
second term is equal to zero, similarly δEy if α = y, 0 if
α = z since two terms are cancel each other.
Semirelativistic effects, such as the spin-orbit interac-
tion, arise in the electro-magneto-static approximation as
it is shown in formulae (32) and (33). If we want to con-
sider the influence of the semirelativistic effects on the
propagation of the electromagnetic waves in magnetized
plasmas we need to use the full set of Maxwell equations.
Here, we present them in the linearized form ∇ · δB = 0,
∇× δE = −∂tδB/c,
∇ · δE = −4epi(δneu + δned), (39)
∇×δB = −
4pie
c
(n0uδvu+n0dδvd)+4piγe∇×δSe. (40)
The application of the linearized Maxwell equations to-
gether with the hydrodynamic equations (36), (37), (38),
we study the dispersion dependence of the extraordinary
waves in the next section.
VI. SPIN-ORBIT INTERACTION
CONTRIBUTION IN THE SPECTRUM OF
LONGITUDINAL WAVES
It has been recently demonstrated that longitudinal
spin waves, called the spin-electron acoustic waves, can
exist in the degenerate electron gas [1]. The oblique prop-
agation of longitudinal waves reveals the existence of the
second or upper SEAW [2]. The partial spin polariza-
tion is required for the existence of the SEAWs. It is
also necessary to apply the SSE-QHD. The SSE-QHD is
generalized in this paper. The explicit analytical con-
tribution of the spin-orbit interaction in the spectrum of
the Langmuir waves propagating perpendicular to the ex-
ternal magnetic field (the upper hybrid wave) was found
in Ref. [16]. It shows that the spin-orbit interaction
gives the contribution in the spectrum of the longitudi-
nal waves. This contribution arises from the following
term: Fα1 = −
γ
mcS0zε
αβz∂tδE
β . In this paper, we gener-
alize the force field of spin-orbit interaction including the
following term: Fα2 = −
qe
mc
γ
mcS0zB0ε
αγzεβγzδEβ . They
do not equal to each other. However, in the linear ap-
proximation they cancel contribution of each other in the
dispersion dependence of the longitudinal waves. There-
fore, we do not expect any contribution of the spin-orbit
interaction in the spectra of oblique propagating longi-
tudinal waves: Langmuir, Trivelpiece–Gould, lower and
upper SEAWs. However, the spin-orbit interaction af-
fects these waves if we do not apply restriction to consider
8FIG. 1: (Color online) Figure shows the spectrum of extraor-
dinary waves in quantum plasmas. Continues lines describe
three extraordinary waves existing in quantum plasma at the
SSE account. The third extraordinary wave is the extraor-
dinary SEAW presented by the lower (black) line. It ex-
ists due to the breaking of the symmetry between spin-up
and spin-down states caused by the external magnetic field.
The upper (blue) and middle (red) dashed lines describe the
extraordinary waves with no account of the SSE and spin-
orbit interaction. The lower (black) dashed line describes
the electrostatic SEAW existing due to consideration of the
SSE. The horizontal dotted line shows ξ = 1 which corre-
sponds to ω = ωLe. The inclined dotted line shows ξ = κ
which corresponds to ω = kc. This figure is plotted for
n0e = 2.6 × 10
27 cm−3, B0 = 10
11 G, ηe = 0.09, and temper-
ature T ≪ TFe = 5.9× 10
7 K.
longitudinal waves. In general case they are longitudinal–
transverse waves and the spin-orbit interaction gives con-
tribution via the transverse part.
VII. DISPERSION DEPENDANCE OF WAVES
PROPAGATING PERPENDICULAR TO THE
EXTERNAL MAGNETIC FIELD
Let us present the dispersion equation for the waves
propagating perpendicular to the external magnetic field
ω2 − k2c2 −
∑
s=u,d
ω2Le
ω2 − Ω2e − k
2U2Fs
× (2ω2 − ω2Le
− k2c2 − k2U2Fs + αeΩe(2ω
2
Le + k
2U2Fs)) = 0 (41)
found in this paper.
The SSE affects the ordinary electromagnetic wave and
spin-plasmas wave described by Λzz via the Fermi spin
current. This effect is described in Ref. [4]. Therefore,
we do not discuss the ordinary electromagnetic wave and
spin-plasmas wave in this paper.
FIG. 2: The upper figure shows the extraordinary SEAW
(continuous line) and the electrostatic SEAW (dashed line)
corresponding to the parameter regime of Fig. 1. The lower
figure presents details of the dispersion dependence of the
electrostatic SEAW presented in upper figure.
A. Numerical analysis
At the numerical analysis and presentation of our
results we use the following dimensionless parameters
ξ = ω/ωLe, κ = kc/ωLe and the following expression for
the equilibrium spin polarization η = tanh(µBB0/εFe),
where εFe = TFe/kB = (3pi
2n0e)
2
3 h¯2/2m is the Fermi
energy, and kB is the Boltzmann constant.
Usually, the dispersion equation for longitudinally-
transverse waves propagating perpendicular to external
field and having electric field in the plane perpendicular
to the external magnetic field gives two solutions called
the extraordinary waves. However, dispersion equation
(41) has three solutions due to the SSE. The dispersion
equation (41) also contains the spin-orbit interaction con-
tribution.
The spin-orbit interaction is a semi-relativistic effect.
To include its contribution we need to consider relatively
large equilibrium concentrations n0e ∼ 10
27 cm−3. As it
was demonstrated and discussed earlier the exchange in-
teraction plays considerable role at concentrations below
9FIG. 3: (Color online) Figure shows the spectrum of extraor-
dinary waves in quantum plasmas. Description of the lines
in this figure is similar to the description of lines in Fig. 1.
However, the extraordinary SEAW is presented by the middle
(black) continuous line in this picture. The figure is obtained
for larger magnetic field B0 = 10
12 G in compare with Fig. 1.
It gives different spin polarization η = 0.72. Concentration
value is the same n0e = 2.6× 10
27 cm−3.
FIG. 4: The upper figure shows the details of the dispersion
dependence of extraordinary SEAW depicted in Fig. 3. The
lower picture shows the electrostatic SEAW corresponding to
the parameters used in the upper figure and Fig. 3.
FIG. 5: (Color online) The figure shows the upper extraordi-
nary wave. The dashed line presents wave under influence of
the SSE. The continuous line includes the effect of the spin-
orbit interaction in addition to the SSE. Parameters are as in
Fig. 3.
FIG. 6: (Color online) The figure shows the lower extraordi-
nary wave. The dashed line presents wave under influence of
the SSE. The continuous line includes the effect of the spin-
orbit interaction in addition to the SSE. Parameters are as in
Fig. 3.
≈ 1025 cm−3 [7], [48].
Appearance of the third solution is similar to appear-
ance of the longitudinal SEAWs [1], [2]. Therefore, we
call the third solution as the extraordinary SEAW.
Next, we need to study the dispersion dependence
of three extraordinary waves and the influence of the
spin-orbit interaction on their dispersion dependencies.
Therefore, we consider the degenerate quantum plasma
with n0e = 2.6 × 10
27 cm−3 and B0 = 10
11 G. In this
regime, the cyclotron frequency is smaller than the Lang-
muir frequency. Corresponding spectrum is presented in
Fig. 1. Comparing upper (blue) continuous line and up-
per (blue) dashed line, we see that the account of the SSE
leads to considerable increase of the frequency of the up-
per extraordinary wave. It includes an increase of the
cut-off frequency at k = 0. This shift becomes relatively
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small at the large wave vectors. The lower extraordinary
wave shows different behavior. The SSE does not change
its behavior at small wave vectors. Starting from κ = 1
corresponding to the cross of ω = ωLe and ω = kc, the
dispersion of lower extraordinary wave considerably in-
creases due to the SSE, as we see from comparison of the
middle (red) continuous line and the middle (red) dashed
line.
More detailed comparison of spectrums of the extraor-
dinary SEAW and electrostatic SEAW is presented in up-
per figure in Fig. 2. Spectrum of the electrostatic SEAW
is located above the electron cyclotron frequency. It is
almost horizontal in the scale of upper figure in Fig. 2.
While the spectrum of extraordinary SEAW is located in
the area of considerably larger frequencies. It increases
faster in compare with the electrostatic SEAW. Details of
the spectrum of electrostatic SEAW are shown in lower
figure in Fig. 2. We see that forms of dispersion de-
pendencies of the extraordinary SEAW and electrostatic
SEAW are also different.
At the next step, we consider the degenerate quan-
tum plasma with n0e = 2.6 × 10
27 cm−3 and B0 = 10
12
G. In this regime, the cyclotron frequency is larger than
the Langmuir frequency. Corresponding spectrum is pre-
sented in Fig. 3. In this regime, the extraordinary SEAW
is presented by the middle (black) continuous line. Sim-
ilarly to the previously considered regime, we find that
the SSE increases the frequency of upper extraordinary
wave. We see it from the comparison of the upper (blue)
continuous line and the upper (blue) dashed line. In op-
posite to the previous cases, the frequency of lower ex-
traordinary wave decreases due to the SSE. As we see it
from the comparison of the lower (red) continuous line
and the lower (red) dashed line.
On this scale the extraordinary SEAW is almost hor-
izontal line. To demonstrate details of its spectrum we
plot the upper figure in Fig. 4. For comparison with
the electrostatic SEAW we present the spectrum of the
electrostatic SEAW in the lower figure in Fig. 4.
To consider the influence of the spin-orbit interaction
on the extraordinary waves we present Figs. 5 and 6. The
increase of frequency of the upper extraordinary wave
and the decrease of frequency of the lower extraordinary
wave at relatively small wave vectors are demonstrated
in Figs. 5 and 6, correspondingly. It decreases at the
larger wave vectors.
The contribution of spin-orbit interaction in the cho-
sen parameter regime B0 = 10
11 G and B0 = 10
12 G
≪ Bcr = m
2
ec
3/(eh¯) = 4.41 × 1013 G corresponding to
h¯Ω ≤ mc2 and εFe = 0.01mc
2 is relatively small, so we
cannot show in general pictures (Fig. 1 and 3). At the
larger concentrations, the contribution of spin-orbit in-
teraction would be larger. However, we work in regime
of parameters corresponding to the semi-relativistic ap-
proach in accordance with the area of applicability of our
equations.
VIII. CONCLUSIONS
Generalization of the NLPE containing the spinor pres-
sure contribution has been constructed to include the ef-
fect of spin-orbit interaction. Corresponding generaliza-
tion of the SSE-QHD containing the pair of continuity
equations, pair of Euler equations for spin-up and spin-
down electrons and equations of the spin evolution for
Sx and Sy projections of the spin density has been con-
structed either.
The spin-orbit interaction is an interesting example of
quantum-relativistic effects. Its analysis presented in this
paper is an important step towards the construction of
quantum-relativistic statistical model in which the tem-
perature is a local characteristic of medium [9] in contrast
with the external parameter quantum statistics based on
the Gibbs measure. Presented here model is a limit case
of many-particle QHD located on the SSE in the degen-
erate electron gas.
Application of developed here model to the wave phe-
nomena in the electron gas show three results.
First, we have shown the contribution of the SSE in
the spectrums of extraordinary waves. Second, a modi-
fication of the spectrum of SEAWs propagating perpen-
dicular to the external magnetic field approximately de-
scribed earlier as a longitudinal wave is obtained at the
account of the transverse electric field contribution. We
have found considerable change of spectrum of all three
extraordinary waves. Third, we have demonstrated ex-
tra shifts of the dispersion dependencies of extraordinary
waves under the influence of the spin-orbit interaction.
IX. APPENDIX A: SPIN CURRENT
We need to have the explicit form of the spin-current
tensor components to recognize their parts in the terms
caused by the spin-orbit interaction. Therefore, we
present their nonrelativistic parts here:
Jxα =
1
2m
(Φ∗uDαΦd +Φ
∗
dDαΦu + c.c.), (42)
Jyα =
1
2m
(Φ∗u(−ı)DαΦd +Φ
∗
dıDαΦu + c.c.), (43)
Jzα =
1
2m
(Φ∗uDαΦu − Φ
∗
dDαΦd + c.c.). (44)
X. APPENDIX B: EQUATION OF STATE FOR
jαβγ
An explicit expression for jαβγ defined by formula (13)
is equal to the explicit expression for the spin current flux
Jαβγ defined by formula (14) up to the quantum terms
similar to the quantum Bohm potential. Qualitatively
speaking, the spin current flux is the average value of
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the following quantity: Jαβγ = 〈Sαi v
β
i v
γ
i 〉, where S
α
i and
vαi are the spin and velocity of i-th particle. Splitting
spin and velocity on the value related to the local cen-
ter of mass and the value related to the thermal motion
Sαi = S
α(r, t)+sαi and v
α
i = v
α(r, t)+uαi we find J
αβγ =
Sα(r, t)vβ(r, t)vγ(r, t)+Sα(r, t)〈uβi u
γ
i 〉+v
β(r, t)〈sαi u
γ
i 〉+
vγ(r, t)〈sαi u
β
i 〉 + 〈s
α
i u
β
i u
γ
i 〉 = S
α(r, t)vβ(r, t)vγ(r, t) +
Sα(r, t)pβγ+vβ(r, t)Jαγth +v
γ(r, t)Jαβth +J
αβγ
th , where J
αβ
th
and Jαβγth are the thermal spin current and the thermal
spin current flux.
For our calculations we need equilibrium value of
jαβγ . It means we need the equilibrium spin current
flux Jαβγ0 = 0 + δ
zαSz(r, t)pFeδ
βγ + 0 + 0 + Jαβγ0,th . For
the calculation of the equilibrium thermal spin current
flux Jαβγ0,th we can use the equilibrium spin distribution
functions obtained in Ref. [30] for SSE quantum kinet-
ics Jαβγ =
∫
pγpβSα(r,p, t)dp = δzαSz(r, t)pβγ . It is
already included in Jαβγ0 . It means J
αβγ
0,th = 0. Conse-
quently, we find jαβγ0 = δ
zαδβγSzpFe which gives zero
contribution in the linear evolution (37).
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